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We report results of extensive two-phase lattice-Boltzmann simulations of
capillary rise dynamics. We demonstrate that the method can be used to model
the hydrodynamic behaviour inside a capillary tube provided that the diameter
of the tube is large enough, typically at least 30 lattice units. We also present
results for the dependence of the cosine of the dynamic contact angle on the
capillary number Ca. Its deviation from the static advancing contact angle has a
power-law form, with the value of the exponent very close to 3/2 for capillary
rise at zero gravity, while behaviour is more complex in the presence of gravity.

KEY WORDS: Lattice-Boltzmann; capillary phenomenon; wetting; two-phase
hydrodynamics.

1. INTRODUCTION

Capillary rise, imbibition, droplet spreading and other phenomena related
to wetting are of wide theoretical and practical interest. (1–6) While the basic
analytical theories have existed for a long time, (7) developments in experi-
mental and computational methods have provided new insights into the
fascinating problems involved. One area of such developments is formed by
lattice algorithms for fluid dynamics, the lattice-gas models (8–11) and the
more recent lattice-Boltzmann models. (12–16) There are now several ways to
implement interactions between fluid particles as well as between fluid par-
ticles and the environment, (15–22) and the methods have been succesfully
tested, e.g., in the contexts of particle suspensions (23) and flow in complex
geometries. (8, 17, 24–26)



In the present work we consider capillary phenomena and present a
simulation model for them. We shall first in Section 2 briefly describe the
theoretical hydrodynamical framework, against which we shall compare
our results. Relevant technical details of the simulations are given in Sec-
tion 3. In Sections 4 and 5 we present simulation results for the capillary
rise with zero and nonzero gravity. Section 6 comprises a brief discussion
of the main implications of our tests on the use of the lattice-Boltzmann
method in studies of capillary rise and related phenomena.

2. CAPILLARY PHENOMENON

The simplest example of the capillary phenomenon is naturally the rise
of fluid in capillary tube, but the phenomenon also plays an important role
when liquid (droplet) penetrates into porous material. Because macroscopic
theory of capillary rise is well established, it can provide a useful bench-
mark test for methods used to simulate imbibition in porous media. In the
classical analysis by Washburn, (27) the motion of the incompressible fluid is
treated within the assumption of Poiseuille flow (28) (fully developed pipe
flow). If the driving force is mainly due to surface tension and gravity force
rg, one can write

8pm(h+h+)
dh
dt
=2prc cos h−pr2rgh (1)

where h is the height of the column measured from the level of the liquid
surface outside the tube, h+ is the length of the part of the capillary tube
immersed in the liquid, and r is the radius of the tube with a circular cross
section. Fluid density, viscosity, surface tension and contact angle are
denoted by r, m, c and h, respectively. Including inertial and entrance
effects, Eq. (1) becomes

rh
d2h
dt2
+
8m(h+h+)
r2

dh
dt
+
1
4
r 1dh

dt
22+rgh=2c cos h

r
(2)

Inertial forces can usually be ignored in the overdamped limit r < rc=
(32m2c cos h/r3g2)1/5. (29)

A further phenomenological correction to Eqs. (1)–(2) involves
recognition that h is not constant, but varies with velocity, which leads to
the concept of the (velocity-dependent) dynamic contact angle hd. (30) This
means also that the dynamics of the fluid in the immediate vicinity of the
moving contact line can no more be ignored, which is a real challenge for
theoretical and computational models. A number of empirical relationships
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for wetting have been discussed in the literature, all of which express the
dynamic contact angle hd as a function of the capillary number Ca=vm/c
during spreading such that hd=f(Ca, ha), where the advancing contact
angle ha is that of a spreading liquid in the limit vQ 0+. We shall adopt the
expression generally used in studies of capillary rise, (29)

cos ha− cos hd=A CaB (3)

where A and B are constants.
In the presence of pinning due to quenched disorder such as chemical

impurities or surface roughness, there is an immediate connection with
dynamical critical phenomena, (29) because the velocity of the interface
behaves as v=v0(F/Fc−1)b. Hence b=1/B provided that pinning is the
dominant mechanism determining the exponent B in Eq. (3). Critical
dynamics of contact line depinning has been studied, e.g., in ref. 31 using
renormalization group, with the result b % 2/3 for one specific model (for
an overview of this and other theoretical results, see ref. 29). We stress that
there is no quenched disorder present in our simulations, however.

3. SIMULATION MODEL

In the lattice-Boltzmann method one solves the Boltzmann equation
on a regular lattice, where fluid flow is modelled by particle distributions.
Of the different lattice-Boltzmann models we use the so-called lattice-BGK
(lattice-Bhatnagar–Gross–Krook) algorithm with the D3Q19 lattice. (14) The
dynamics of the distribution fi(r, t) of particles moving in direction i at a
lattice point r is described by the discrete Boltzmann equation, with the
usual choice of the equilibrium distribution (see, e.g., ref. 14).

To model surface tension forces through a nearest and next-nearest
neighbour potential, we have adopted the method developed by Shan and
Chen. (17–19) In addition to the local collisions, neighbouring fluid particles
exchange momentum through the attractive short-range force

FG(r)=−yk(r) C
i
Gik(r+ci) ci (4)

where k(r)=1− exp[−r(r)] with the total particle density r(r, t)=
; i fi(r, t), and Gi=2G, G, 0 for the displacement vectors ci of length |ci |=
1,`2, 0 (in lattice units), respectively. The parameterG < 0 thus controls the
surface tension.

In our simulations the no-slip boundary condition at solid-fluid interfaces
is realized through the computationally efficient bounce-back condition, (8)
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where the momenta of the particles meeting the solid wall are reversed.
Adhesive forces between the fluid and solid phases are introduced via (17)

FW(r)=−yk(r) C
i
Wis(r+ci) ci (5)

where Wi=2W, W, 0 for |ci |=1,`2, 0, respectively, and s=0, 1 for fluid
and solid, respectively. The interaction strength W is positive for nonwet-
ting fluid and negative for wetting fluid. With these definitions the surface
tension force FG and the adhesive force FW change the momenta of fluid
particles at each time step according to (17)

r(r) u(r)Q r(r) u(r)+FG(r)+FW(r) (6)

We have tested our implementation of this algorithm in the context of
droplet spreading in our earlier work, (26) our results there being consistent
with those by Martys and Chen in ref. 17.

For the present work we have added the capillary tube as seen in the
three snapshots of Fig. 1. The boundary conditions of the three-dimen-
sional simulation domain are fully periodic except for the solid wall at the
bottom. The simulations reported below were performed for the tube radii
r=2, 5, 10, 20 lattice units. The full domain size was 50×50×200 for
r=2, 5, 10 and 100×100×300 for r=20. Before the actual capillary sim-
ulation we iterated the system without the tube until an equilibrium state
with no mass transfer between liquid and gas phases was reached. After
this the simulation was continued with the full geometry including the tube.
In all simulations reported below the relaxation parameter y was set to 1.
Unless stated otherwise, the adhesion and surface tension parameters have
the values W=−0.1 and G=−0.15, respectively. This results in the
density ratio of about 20 between the liquid and the vapour phase, the bulk
density of the liquid phase was r=2.25, viscosity was m=0.375, and the
surface tension was c=0.085. By varying the adhesive force, the radius of
the tube and gravity, i.e., the paramaters W, r, and g, we were then able to
compare the simulation results with numerical solution of Eq. (2).

To present our simulation results in dimensionless units, we define the
characteristic time and height as t0=m3/rc2 and h0=m2/rc, respectively.
In the presence of gravity we can also define the dimensionless parameter
g̃=m4g/rc3.

4. SIMULATIONS OF CAPILLARY RISE WITHOUT GRAVITY

In Fig. 2 we present the main result of our capillary simulations at
zero gravity, the height of the column as a function of time for four values
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Fig. 1. (a) Three snapshots from a three-dimensional capillary rise simulation with r=20
lattice units: initial, intermediate, and steady state (side view). (b) Discretization of the circular
tube for r=5 and r=20 lattice units (top view).

of tube radius with W=−0.1 kept constant. Throughout this work we
determine the height of the column or the location of the gas-liquid inter-
face as the turning point of a least-squares fit by a tanh function of the
density profile in vertical direction. With increasing the tube radius, the
column rises faster, as expected. The solid lines in the figure show the cor-
responding numerical solutions of Eq. (2), where the dynamic contact
angle hd, defined via Eq. (3), was determined using Eq. (8) as explained
below, for r=5, 10, and 20. By using a constant value for h a satisfactory
agreement between Eq. (2) and the simulation data can only be obtained
for a short time window up to t/t0 % 1000, while by using hd an excellent
agreement is seen for large r up to the latest data points, the deviation
there resulting from an increase in the interface velocity close to the end of
the tube.

As expected, the value r=2 is too small for any sensible result. The
adhesive force defined through Eq. (5) generates a roughly one lattice unit
thick liquid layer on the tube surface. As a result we observe for r=2 a rise
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Fig. 2. The height of the fluid column as a function of time for r=2, 5, 10, 20 lattice units.
The numerical solutions of the Washburn equation are also presented.

linear in time, and also capillary condensation. For r=2 we actually do
not observe bulk liquid density inside the tube at all, as seen in the density
profiles of Fig. 3, again for W=−0.1. On the outer surface of the tube the
density of the vapour is slightly higher than the bulk density of the vapour.
Inside the tube the decay of the density close to the wall is similar for
r=5, 10, 20, and the proportion of the liquid with bulk density decreases
with decrasing radius. With increasing adhesion the density of the fluid at
the wall increases, e.g., from 1.5 to 2.0 at the first layer for W going from
−0.10 to −0.12, but the range of wall effect in the density is the same.

Due to a rather rough discretization (see also ref. 26), and the density
variation shown in Fig. 3, it is impossible, especially for small r, to accura-
tely measure hd directly from the density field. For an indirect determina-
tion of hd, we first apply the one-dimensional Reynolds transport theorem
for a control volume to estimate the rate of change of momentum of the
system. The upper control surface moves with the meniscus of the liquid
column (no outflow from the control volume) and the lower control surface
is fixed at the lower end of the tube. Then the rate of change of the total
momentum inside the control volume is

d
dt
(mv)syst=

d
dt
5F
CV

vr dV6+F
CS

vr(vr ·n) dA (7)
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Fig. 3. The density profile across the capillary tube for radius 2, 5, 10 and 20. The dashed
line for r=20 shows the profile for stronger adhesion. A negative value of the density indica-
tes the tube wall.

where m=m(t) is the total mass of the fluid inside the control volume, v is
the fluid velocity, and CV and CS denote the volume and surface area of
the control volume, respectively. Assuming a constant velocity through the
tube we obtain from Eq. (7) for hd the expression

cos hd=
1
2prc
5d(mv)syst

dt
−v(2pr2rv)+8pm(h+h+) v+

1
4
pr2rv2+pr2rgh6

(8)

The second term on the right side of this equation describes the momentum
carried by the incoming fluid (at the inlet). We note that the determination
of hd via Eq. (8) using h=h(t) from the simulation, does not take into
account, e.g., the effects of fluid flow near the wall of the tube immediately
behind the meniscus, or the displacement of vapour by the liquid. Also, the
length h+ is not strictly constant during the rise due to the absence of
sources in the system.

In Fig. 4 we show the behaviour of the dynamic contact angle as a
function of the capillary number Ca, which is essentially the interface
velocity, again forW=−0.1. At the beginning of the simulations cos hd=0
or hd=p/2. After this the contact angle hd decreases with decreasing Ca.
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Fig. 4. The dynamic contact angle as a function of Ca for r=2, 5, 10, 20 as detetermined
using Eq. (8). Inset: the dynamic contact angle determined directly from the density profile
data.

The maximum of Ca is reached very rapidly, in few hundred time steps of
the total simulation time of about 50000 time steps. For r=5, 10, 20, the
dynamic contact angle follows Eq. (3), if cos ha, A and B are treated as free
fitting parameters. In all simulations at zero gravity we find A=70. The
results of the fits are summarized in Table I. For the parameter B we
obtain B % 3/2. This value happens to be comparable with some theoreti-
cal predictions for contact line dynamics near the pinning threshold (see the
end of Section 2).

Table I. Results of the Fits with Eq. (3) for Zero Gravity

r W Camax cos ha A B

5 −0.10 0.021 1.3 70 1.22
10 −0.10 0.031 0.71 70 1.59
10 −0.11 0.043 1.05 70 1.53
10 −0.12 0.051 1.48 70 1.41
20 −0.10 0.042 0.71 70 1.53
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Values cos hd > 1 are clearly unphysical. For comparison we show also
the results of the direct determination of cos hd in the inset of Fig. 4. In the
control volume method used to calculate hd, the role of the resistive forces
is crucial. One source of error is evident from Fig. 5, where we show the
velocity profile of a steady flow of the liquid in its equilibrium density
between two infite (by using periodic boundary conditions in the simula-
tion) parallel plates. Here there is no phase separation in our two-phase
model and the flow is produced by a constant body force at each lattice
point. For comparison, we show in Fig. 5 also the result for the single-
phase model. A comparison with the well-known analytical results (28)

denoted by full curves, shows that the velocity profile has the correct
(Poiseuille) parabolic shape, but is shifted. As expected, the relative devia-
tion decreases for increasing r. For stronger adhesion the simulated velocity
profile approaches the theoretical curve and boundary effects in the density
profile decrease (see Fig. 3), but, on the other hand, at the same time the
discrete-lattice effects at the gas-solid interface increase, and values of
cos hd greater than unity are still obtained for small r.

Fig. 5. A typical example of the velocity profile of a fully developed flow of the liquid
between two parallel plates: Open symbols show our simulation results for W=−0.1,
G=−0.15, g=0, and the full curves are the analytical expression. For comparison we also
show by crosses simulation data for the single-phase model or the caseW=G=g=0.
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However, for r=10, 20, the results are consistent to the extent that we
observe behaviour in the hydrodynamic scale at least for r=20. The
biggest uncertainty is related to the discrepancy between the control
volume method and the direct determination of hd. Note that one cannot
use lattice points close to the tube wall so the value of the contact angle
obtained using the direct method is too big. For increasing system size and
also in the presence of gravity (see next section) the situation gets better.
We also note that the increase of cos hd at small Ca is a result of reaching
the end of the tube.

In Figs. 6 and 7 the radius is kept constant, r=10, and adhesion is
varied. Again we observe a nice agreement with Eq. (2) and the fitting
parameters A, B, cos ha can be found in Table I. We observe that for
stronger adhesion, the trend is to have more finite-lattice problems that
otherwise only appear for narrower tubes. Apparently, r=10 is too small
for W=−0.12, while for W=−0.10 it seems to be the smallest reasonable
value that can be used. However, even for W=−0.10 the value of cos hd
obtained by using Eq. (8) in the limit of small capillary number is quite
high compared with the rough (because of discretization) estimate obtained
directly from the density profile (inset of Fig. 7).

Fig. 6. The height of the fluid column as a function of time for three adhesion strengths
W=−0.10, −0.11, −0.12, with r=10. The numerical solutions of the Washburn equation are
shown by full curves.
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Fig. 7. The dynamic contact angle as a function of Ca for r=10 with three different adhe-
sion strengths W=−0.10, −0.11 and −0.12. The numeric result from Eq. (3) is shown by the
full curves. Inset: the dynamic contact angle determined directly from the density profile data.

5. SIMULATIONS OF CAPILLARY RISE WITH GRAVITY

We can now add the effect of gravity in the simulation. For the other
parameters we use the same values as in the previous section. The simula-
tion results shown in Figs. 8 and 9 agree well with the one obtained from
the Washburn equation, in this case also with a constant value of the
contact angle for small capillary numbers. Even in plots (not shown) of
h=h(t) for r=5, with otherwise the same parameters as in Fig. 9,
a reasonable agreement with the theoretical prediction is found.

In Fig. 10 we show cos hd as a function of Ca. For strong adhesion,
the radius r=5 is certainly too small. For small capillary numbers or slow
interface velocity, hd expectedly becomes constant. Finally, we show in
Table II the values of the maximum capillary number from each simula-
tion, the parameters A and B in Eq. (3), and the contact angle heq in the
final equilibrium state from Eq. (2).

For increasing gravity the relative importance of other resistive forces
in Eq. (8) diminishes. It is evident from Figs. 7 and 10 that for increasing
gravity there are less problems in the behavior of cos hd. This supports our
suggestion above that the frictional forces in our simulation model differ
from those assumed in the hydrodynamical derivation of Eq. (8).
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Fig. 8. The height vs. time for r=5, 10 with gravity g̃=0.00146 and r=20 with gravity
g̃=0.000275.

Table II. Equilibrium Contact Angles and Other Parameters in the Presence

of Gravity

r W g̃ Camax cos heq A B

−0.10 0.026 0.73 1000 2.18
5 −0.11 0.00146 0.033 1.02 1000 2.11

−0.12 0.040 1.6 155 1.49
−0.10 0.030 0.50 1000 2.40

10 −0.11 0.00146 0.042 0.71 1000 2.33
−0.12 0.052 0.89 1000 2.45
−0.10 0.020 0.61 1000 2.15

5 −0.11 0.008 0.030 0.87 1000 2.08
−0.12 0.036 1.12 37 1.31
−0.10 0.023 0.44 6.0 1.0

10 −0.11 0.008 0.032 0.62 7.0 1.0
−0.12 0.039 0.77 8.5 1.0

20 −0.10 0.000275 0.033 0.51 70 1.75
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Fig. 9. The height vs. time for r=10 for the adhesive force W=−0.10, −0.11, −0.12 with
(a) g̃=0.00146 and (b) g̃=0.008.
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Fig. 10. The dynamic contact angle vs. Ca for r=5, 10 with W=−0.10, −0.11 and −0.12.
(a) g̃=0.00146. Inset: The dynamic contact angle for radius r=20 with W=−0.10 and
g̃=0.000275. (b) g̃=0.008.
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6. CONCLUSIONS

In this work we have tested the use of the lattice-Boltzmann method in
studies of capillary rise. One motivation for such a study is to investigate
the possibility to use the method to model imbibition of fluid in porous
media. The results are promising: The capillary phenomenon can indeed be
studied at the hydrodynamic level. However, it turns out that due to
problems related to discretization, one would need rather thick (in lattice
units) tubes to get realistic kinetics for the fluid column inside. This is par-
ticularly evident from the analysis of our simulation data by using the
hydrodynamic description of Eq. (8). With the parametrization used in our
studies, the diameter of the tube should be at least 30 lattice units. For
static properties our simulations in the presence of gravity indicate that
somewhat thinner tubes can be appropriate, while for stronger adhesion
thicker tubes are needed. Thus in any reasonable lattice-Boltzman model
for two-phase flow in porous media, simulation cells of a size of a several
hundred lattice units would be needed in each direction. A challenging
question yet to be addressed by simulations, is the role of quenched dis-
order present in the surfaces of pipes or pores. We hope that the present
work can provide a useful benchmark for the construction of such models.
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